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Abstract
In the paper, we will determine graphs with the maximal spectral radius among all the unicyclic graphs
with n vertices and diameter d .
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1. Introduction
Let G = (V ,E) be a simple undirected graph with n vertices. For v ∈ V (G), the degree of v,
written by dG(v) or d(v), is the number of edges incident with v. A pendant vertex is a vertex of
degree 1 and a pendant edge is an edge incident with a pendant vertex. Let PV (G) = {v : dG(v) =
1}. For two vertices u and v (u /= v), the distance between u and v is the number of edges in a
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shortest path joining u and v. The diameter of a graph is the maximum distance between any two
vertices of G. Let P = v0v1 · · · vs (s  1) be a path of G with d(v1) = · · · = d(vs−1) = 2 (unless
s = 1). If d(v0), d(vs)  3, then we call P an internal path of G; if d(v0)  3 and d(vs) = 1,
then we call P a pendant path of G; if the subgraph induced by V (P ) in G is P itself, i.e.,
G[V (P )] = P , then we call P an induced path. Obviously, the shortest path between any two
distinct vertices of G is an induced path. We will use G − xy to denote the graph that arises from
G by deleting the edge xy ∈ E(G). Similarly, G + xy is a graph that arises from G by adding an
edge xy /∈ E(G), where x, y ∈ V (G).
Recall that η(G) = |E(G)| − |V (G)| + ω(G) is defined as the cyclomatic number (or nullity)
[2] of the graph G, where |E(G)|, |V (G)| and ω(G) are the number of vertices, edges and
connected components of G, respectively. Let G be a connected graph with n vertices and m
edges. Then η = m − n + 1. Note that if η = 0, then G is a tree; if η = 1, then G is a unicyclic
graph and if η = 2, then G is a bicyclic graph. We will use Udn to denote the sets of all unicyclic
with n vertices and diameter d .
Let A(G) be the adjacency matrix of a graph G. The spectral radius, ρ(G), of G is the largest
eigenvalue of A(G). When G is connected, A(G) is irreducible and by the Perron–Frobenius
Theorem, the spectral radius is simple and has a unique positive eigenvector. We will refer to such
an eigenvector as the Perron vector of G.
The investigation on the spectral radius of graphs is an important topic in the theory of graph
spectra. Recently, the problem concerning graphs with maximal or minimal spectral radius of a
given class of graphs has been studied extensively. Brualdi and Solheid [3] studied the spectral
radius of connected graphs. Berman and Zhang [1] studied the spectral radius of graphs with n
vertices and k cut vertices. Liu et al. [13] studied the spectral radius of graphs with n vertices
and k cut edges. The spectral radius of unicyclic graphs has been studied by many authors (see
[4,8,10,15,17]). Chang and Tian [4] determined graphs of the largest and the second largest
spectral radius among all the unicyclic graphs on n vertices with perfect matching. Yu and Tian
[17] determined graphs of the largest spectral radius among all the unicyclic graphs on n vertices
with a given size of maximum matching. Guo [8] determined graphs with the largest spectral
radius among all the unicyclic graphs and all bicyclic graphs with n vertices and k pendant
vertices, respectively. Very recently, Guo and Shao [7] determine the first ⌊ d2⌋− 1 spectral radii
of trees with n vertices and diameter d .
In this paper, we study the spectral radius of unicyclic graphs with n vertices and diameter
d. We determined graphs with the largest spectral radius among all the unicyclic graphs with
n vertices and diameter d . Moreover, if 4  d  n − 3, d ≡ 0(mod 2), then the second largest
spectral radius of unicyclic graphs with n vertices and diameter d are characterized.
2. Preliminaries
We first give some lemmas that will be used in the proof of our result.
Lemma 1 [16]. Let G be a connected graph and ρ(G) be the spectral radius of A(G). Let u, v be
two vertices ofG.Supposev1, v2, . . . , vs ∈ N(v)\N(u) (1 s  dG(v)andx = (x1, x2, . . . , xn)t
is the Perron vector of A(G), where xi corresponds to the vertex vi (1  i  n). Let G∗ be the
graph obtained from G by deleting the edges vvi and adding the edges uvi, 1  i  s. If xu  xv,
then
ρ(G) < ρ(G∗).
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LetG be a connected graph, anduv ∈ E(G). The graphGu,v is obtained fromG by subdividing
the edge uv, that is, adding a new vertex w and edges wu,wv in G − uv.
Lemma 2 [9]. Let G be a connected graph, and let uv ∈ E(G).
(i) If uv does not belong to an internal path of G and G  Cn, then ρ(G) < ρ(Gu,v).
(ii) If uv belongs to an internal path of G and G  Wn, where Wn is shown in Fig. 2, then
ρ(G) > ρ(Gu,v).
Lemma 3 [6,12]. Let G be a non-trivial connected graph, and let u, v ∈ V (G), d(u, v) = s.
Suppose that two paths of lengths k,m (k  m  1) are attached to G by their end vertices at
u, v, respectively, to form G∗k,m. Then ρ
(
G∗k,m
)
> ρ
(
G∗k+1,m−1
) for s = 0, d(u)  1 or s = 1,
d(u), d(v)  2.
Lemma 4 [10]. Let G be a unicyclic graph of order n, then ρ(G)  ρ(Cn) and equality holds if
and only if G ∼= Cn.
Denote the characteristic polynomial of a graph G by P(G; x).
Lemma 5 [5,14]. Let v be a pendant vertex of a graph G and vw ∈ E(G). Then
P(G; x) = xP (G − v; x) − P(G − v − w; x).
Lemma 6. Let G1 and G2 be two graphs.
(i) [9,12] If G2 is a proper spanning subgraph of G1. Then P(G2; x) > P (G1; x) for x 
ρ(G1).
(ii) [11] If P(G2, x) > P (G1, x) for x  ρ(G2), then ρ(G1) > ρ(G2).
For G ∈ Udn, we have n  3 and 1  d  n − 2. If d = 1, then G ∼= C3. Therefore, in the
following, we assume that d  2 and n  4.
Let dn be a graph of order n obtained from a triangle by attaching n − d − 2 pendant edges
and a path of length
⌊
d
2
⌋
at one vertex of triangle, and a path of length
⌈
d
2
⌉− 1 to another vertex
of triangle, respectively.
Let ∇dn be a graph of order n obtained from a triangle by attaching n − d − 2 pendant edges
and a path of length
⌈
d
2
⌉− 1 at one vertex triangle, and a path of length ⌊ d2⌋ to another vertex of
triangle, respectively.
Note that if d = n − 2 or d ≡ 1(mod 2), then dn ∼= ∇dn .
Fig. 1.
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Lemma 7. Let2tn and∇2tn be the above two graphs shown in Fig. 1. Suppose that 2  t 
⌊
n−3
2
⌋
.
Then
ρ
(
2tn
)
> ρ
(
∇2tn
)
.
Proof. We first show that P
(∇2tn ; x) > P (2tn ; x) for x  ρ (∇2tn ) by induction on t . If t = 2,
then n  7. Let K ′2 be a graph obtained from K2 by adding n − 6 isolated vertices. Then K ′2 is
a proper spanning subgraph of K1,n−5. By Lemma 6(i), we have P
(
K ′2; x
)− P(K1,n−5; x) > 0
for x 
√
n − 5. By Lemma 5,
P
(
∇4n; x
)
= xP
(
∇4n − v5; x
)
− P
(
∇4n − v4 − v5; x
)
= xP
(
∇4n − v5; x
)
−
[
xP
(
∇4n − v4 − v5 − v1; x
)
− P (K ′2; x)] ,
P
(
4n; x
)
= xP
(
4n − v5; x
)
− P
(
4n − v4 − v5; x
)
= xP
(
4n − v5; x
)
−
[
xP
(
4n − v4 − v5 − v1; x
)
− P(K1,n−5; x)
]
.
Since 4n − v5 ∼= ∇4n − v5, 4n − v4 − v5 − v1 ∼= ∇4n − v4 − v5 − v1, we have
P
(
∇4n; x
)
− P
(
4n; x
)
= P (K ′2; x)− P(K1,n−5; x) > 0
for x  ρ
(∇4n) > √n − 5. Thus the lemma holds by Lemma 6(ii) for t = 2.
We now suppose that t  3 and proceed by induction on t . By Lemma 5,
P
(
2tn ; x
)
= xP
(
2tn − v2t+1; x
)
− P
(
2tn − v2t − v2t+1; x
)
,
P
(
∇2tn ; x
)
= xP
(
∇2tn − v2t+1; x
)
− P
(
∇2tn − v2t − v2t+1; x
)
.
Note that 2tn − v2t+1 ∼= ∇2tn − v2t+1, 2tn − v2t − v2t+1 ∼= ∇2(t−1)n and ∇2tn − v2t − v2t+1 ∼=
2(t−1)n . By induction hypothesis, we have
P
(
∇2tn ; x
)
− P
(
2tn ; x
)
= P
(
∇2(t−1)n ; x
)
− P
(
2(t−1)n ; x
)
> 0
for x  ρ
(∇2tn ) > ρ (∇2(t−1)n ). Thus ρ (2tn ) > ρ (∇2tn ) by Lemma 6(ii). 
LetU0 be a unicyclic graph of orderd + 2 shown in Fig. 2. LetU0(p2, . . . , pd, pd+2)be a graph
of order n obtained from U0 by attaching pi pendant vertices to each vi ∈ V (U0)\{v1, vd+1},
respectively, where pd+2 = 0 when k = 1 or k = d . Denote
Fig. 2.
H.Q. Liu et al. / Linear Algebra and its Applications 420 (2007) 449–457 453
U˜
d
n =
{
U0(p2, . . . , pd, pd+2):
d∑
i=2
pi + pd+2 = n − d − 2
}
and Udn =
{
U0(0, . . . , 0, pi, 0, . . . , 0): U0(0, . . . , 0, pi, 0, . . . , 0) ∈ U˜dn, pi  0
}
.
Lemma 8. Let G ∈ U˜dn\Udn. Then there is G∗ ∈ Udn such that ρ(G∗) > ρ(G).
Proof. Let G ∈ U˜dn\Udn and x = (x1, x2, . . . , xn)t the Perron vector of A(G), where xi corre-
sponds to the vertex vi (1  i  n). Let t = |{pi : pi /= 0}|. Then t  2.
Let pi, pj /= 0, i < j . Assume, without loss of generality, that xi  xj . Let N(vj ) ∩ PV =
{u1, . . . , upj }. Let
G∗1 = G − vju1 − · · · − vjupj + viui + · · · + viupj .
Then by Lemma 1, we have ρ
(
G∗1
)
> ρ(G). Note that G∗1 ∈ Udn for t = 2 and G∗1 ∈ U˜dn\Udn for
t > 2. If t > 2, then we will use G∗1 to repeat the above step until the cardinality of pi being
nonzero is only one. So we get
G∗2,G∗3, . . . ,G∗t−1 and ρ
(
G∗1
)
< ρ
(
G∗2
)
< · · · < ρ(G∗t−1).
Note that G∗t−1 ∈ Udn, and hence the lemma holds. 
Lemma 9. For any graph G ∈ U˜dn, 3  d  n − 2, we have
ρ(G)  ρ
(
dn
)
and equality holds if and only if G ∼= dn.
Proof. Let G ∈ U˜dn, 3  d  n − 1 and x = (x1, x2, . . . , xn)t the Perron vector of A(G), where
xi corresponds to the vertex vi (1  i  n).
Choose G ∈ U˜dn such that the spectral radius of G is as large as possible. Then by Lemma 8, we
can assume that G ∈ Udn. Let N(vi) ∩ PV (G) = {u1, . . . , ut } if pi > 0, P = v1v2 · · · vkvk+1 · · ·
vdvd+1 be an induced path of G with d(v1) = 1 and C = vkvk+1vd+2vk the only cycle of G (see
Fig. 2). Since d(v1) = 1, k /= 1. We first show some facts. 
Fact 1. If pi > 0, then i ∈ {k, k + 1}.
Proof of Fact 1. Suppose i /∈ {k, k + 1}. We first consider the case vi ∈ V (P )\V (C), say k +
1 < i < d + 1. If i  k + 3, then we will let G′ be obtained from G by contracting vk+1vk+2 into
a new vertex v′k+1. Note that d(v1) = 1. Let
G∗ = G − vk+1vk+2 − vk+2vk+3 + v1vk+2 + vk+1vk+3.
ThenG∗ = G′v1,v2 andG = G′v′k+1,vk+3 . Note thatG  Wn. By Lemma 2, we haveρ(G
′) < ρ(G∗)
and ρ(G′) > ρ(G). Thus ρ(G∗) > ρ(G), a contradiction. Hence we have i = k + 2. Let
G∗ =
{
G − viu1 − · · · − viut + vku1 + · · · + vkut if xk  xi,
G − vd+2vk + vd+2vi if xk < xi.
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Then, in either case, G∗ ∈ Udn. Thus by Lemma 1, ρ(G∗) > ρ(G), a contradiction.
Hence we have that vi ∈ V (C)\V (P ), i.e., i = d + 2. Let
G∗ =
{
G − viu1 − · · · − viut + vku1 + · · · + vkut if xk  xi,
G − vk−1vk + vk−1vi if xk < xi.
Then, in either case, G∗ ∈ Udn. Thus by Lemma 1, ρ(G∗) > ρ(G), a contradiction. 
Fact 2. k < d.
Proof of Fact 2. Suppose that k = d . Since d  3, vd−2 exists. Let
G∗ =
{
G − vd+1vd+2 + vd−1vd+1 if xd−1  xd+2,
G − vd−1vd−2 + vd+2vd−2 if xd−1 < xd+2.
Then, in either case, G∗ ∈ Udn. Thus by Lemma 1, ρ(G∗) > ρ(G), a contradiction. 
Fact 3. k = ⌈ d2⌉.
Proof of Fact 3. Otherwise, let
G∗ =
{
G − vdvd+1 + v1vd+1 if k <
⌈
d
2
⌉
,
G − v1v2 + vd+1v1 if k >
⌈
d
2
⌉
.
Then, in either case, G∗ ∈ Udn. Thus by Lemma 3, ρ(G∗) > ρ(G), a contradiction. 
By Facts 1–3, we have G ∈ {∇dn ,dn}. Thus Lemma 9 holds by Lemma 7.
From the proofs of Lemmas 8 and 9, we have
Lemma 10. For G ∈ U˜dn\
{
dn
}
with d ≡ 0(mod 2) and 4  d  n − 3, we have
ρ(G)  ρ
(
∇dn
)
and equality holds if and only if G ∼= ∇dn .
3. Results
In this section, we will give our two results.
Theorem 1. Let G be a graph in Udn, d  1. Then
ρ(G)  ρ
(
dn
)
and equality holds if and only if G = dn.
Proof. Let G ∈ Udn and x = (x1, x2, . . . , xn)t the Perron vector of A(G), where xi corresponds
to the vertex vi (1  i  n).
If d = 1, then G ∼= C3. If d = 2, then G ∼= C4, G ∼= C5 or G ∼= 2n. Thus the result holds for
d = 1, 2 by Lemma 4. Therefore, in the following, we can assume that 3  d  n − 2.
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Choose G ∈ Udn such that the spectral radius of G is as large as possible. Then, by Lemma 4,
we can assume that G /= Cn.
Let Pd = v1v2 · · · vd+1 be the induced path of length d and let Cq be the only cycle in G. Since
G /= Cn, we have min{d(v1), d(vd+1)} = 1, say d(v1) = 1. We first show some claims. 
Claim 1. V (Cq) ∩ V (Pd) /= ∅.
Proof of Claim 1. Otherwise, since G is connected, there exists a shortest path Q = vivkvk+1 · · ·
vl−1vl connectingCq andPd , wherevi ∈ V (Cq),vl ∈ V (Pd) andvk, . . . , vl−1 ∈ V (G)\(V (Cq) ∪
V (Pd)). Let u1, . . . , ud(vl)−1 ∈ NG(vl)\{vl−1}, w1, . . . , wd(vi )−1 ∈ NG(vi)\{vk} and
G∗ =
{
G − vlu1 − · · · − vlud(vl)−1 + viu1 + · · · + viud(vl)−1 if xi  xl,
G − viw1 − · · · − viwd(vi )−1 + vlw1 + · · · + vlwd(vi )−1 if xi < xl.
Then, in either case, G∗ ∈ Udn. Thus by Lemma 1, ρ(G∗) > ρ(G), a contradiction. 
By Claim 1, V (Cq) ∩ V (Pd) /= ∅. Denote Cq = vkvk+1 · · · vl−1vlvd+2vd+3 · · · vsvk (s  d +
2), where {vk, vk+1, . . . , vl−1, vl}=V (Cq) ∩ V (Pd) and {vd+2, vd+3, . . . , vs}=V (Cq)\V (Pd).
Claim 2. d(v) = 1 for v ∈ V (G)\(V (Cq) ∪ V (Pd)).
Proof of Claim 2. Otherwise, let va ∈ V (G)\(V (Cq) ∪ V (Pd)) with vavi, vavb ∈ E(G), where
vi ∈ V (Cq) ∪ V (Pd) and vb ∈ V (G)\(V (Cq) ∪ V (Pd)). Assumeu1, . . . , ud(vi )−1 ∈N(vi)\{va}.
Let
G∗ =
{
G − vavb + vivb if xi  xa,
G − viu1 − · · · − viud(vi )−1 + vau1 + · · · + vaud(vi )−1 if xi < xa.
Then in either case, G∗ ∈ Udn. Thus by Lemma 1, ρ(G∗) > ρ(G), a contradiction. 
Claim 3. k /= l.
Proof of Claim 3. Suppose k = l. Then s  d + 3 and k /= 1, d + 1. Since d  3, we can assume
that k  3. Let
G∗ =
{
G − vd+2vd+3 + vk−1vd+3 if xk−1  xd+2,
G − vk−2vk−1 + vd+2vk−2 if xk−1 < xd+2.
Then, in either case, G∗ ∈ Udn. Thus by Lemma 1, ρ(G∗) > ρ(G), a contradiction. 
Claim 4. If l = k + 1, then s − d = 2; and if l  k + 2, then s − d = l − k.
Proof of Claim 4. Otherwise, since s − d > l − k, we have s − d  3. Thus vs−1 exists. By
Claim 3, k /= l which implies vs−1vk /∈ E(G). By d(v1) = 1, we have k  2. Let
G∗ =
{
G − vsvs−1 + vkvs−1 if xk  xs,
G − vkvk−1 − vkvk+1 + vsvk−1 + vsvk+1 if xk < xs.
Then, in either case,G∗ ∈ Udn by the assumption s − d > l − k. But by Lemma 1,ρ(G∗) > ρ(G),
a contradiction. 
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Claim 5. l = k + 1.
Proof of Claim 5. Suppose l /= k + 1. Then l  k + 2 by Claim 3. If d(vk+1) = 2, then let G′
be obtained from G by contracting vkvk+1 into a new vertex v′k . Note that d(v1) = 1. Let
G∗ = G − vkvk+1 − vk+1vk+2 + v1vk+1 + vkvk+2.
Then G∗ = G′v1,v2 and G = G′v′k,vk+2 . Note that G  Wn. By Claim 4, G
∗ ∈ Udn. But, by Lemma
2, we have ρ(G′) < ρ(G∗) and ρ(G′) > ρ(G). Thus ρ(G∗) > ρ(G), a contradiction.
If d(vk+1)  3, then set N(vk+1)\{vk, vk+2} = {u1, . . . , ut }. Thus {u1, . . . , ut } ⊆ PV (G) by
Claim 2. Let
G∗ =
{
G − vk+1u1 − · · · − vk+1ut + vku1 + · · · + vkut if xk  xk+1,
G − vsvk + vsvk+1 if xk < xk+1.
Then G∗ ∈ Udn. Thus, by Lemma 1, ρ(G∗) > ρ(G), a contradiction. 
By Claims 4 and 5, we have s = d + 2. Then G ∈ U˜dn by Claims 1 and 2. By Lemma 9,
Theorem 1 follows immediately. 
From Lemma 10 and the proof of Theorem 1, we get the following result.
Theorem 2. Let G ∈ Udn\
{
dn
}
. Suppose that d ≡ 0(mod 2) and 4  d  n − 3. Then
ρ(G)  ρ
(
∇dn
)
and equality holds if and only if G = ∇dn .
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